A universal disentangling formula (such as the Baker-CampbellHausdorff one) for coherent states of Perelomov's type (|z = exp(zA † − zA)|0 ) which are defined for generalized oscillator algebras is given. To begin with, let a and a † be canonical annihilation and creation operators in the harmonic oscillator. We set |0 a normalized vacuum (a|0 = 0 and 0|0 = 1). The (normalized) coherent state |z is defined as an eigenfunction of a:
Introduction
Coherent states play an important role in quantum physics, in particular quantum optics, see [1] and its references. They are very useful in performing stationary-phase approximations to path integral, see [1] or [2] , [3] , [4] .
To begin with, let a and a † be canonical annihilation and creation operators in the harmonic oscillator. We set |0 a normalized vacuum (a|0 = 0 and 0|0 = 1). The (normalized) coherent state |z is defined as an eigenfunction of a: a|z = z|z for z ∈ C.
(0.1)
This |z is written as
2 e za † |0 = e za † −za |0 .
In obtaining the last equality, we have used the fundamental Baker-CampbellHausdorff formula e A+B = e Next, we denote by {K + , K − , K 3 } operators expressing spin K (K ≥ 1/2) representation of su (1, 1) . Then Perelomov defined the following coherent state |z = e zK + −zK − |K, 0 for z ∈ C, (0.3)
see [5] , [1] . To this system, we cannot apply the Baker-Campbell-Hausdorff formula (0.2), but have a disentangling formula of another type [5] , [6] : For ζ = (z tanh |z|)/|z| (z ∈ C)
From this we have
In view of these two cases, a following question arises. For a generalized oscillator algebra A = {1, A, A † , N}, we can consider a coherent state of Perelomov's type
What kind of disentangling formulas apply to this system? Such a formula is not known as far as we know.
In this letter, we give a disentangling formula to this system and recover the two results stated above as particular case. Our formula is expressed as an infinite series, so it is not easy to find a function form such as e −|z| 2 , tanh|z|, etc, except for some simple cases. Therefore our work is a first step to obtain the real universal disentangling formula. Further study will be expected. The details and further developments of this letter will be published elsewhere, [7] .
Coherent States
Let us make a short review of coherent states, [1] . We set {1, a, a † , N ≡ a † a} the oscillator algebra,
The Fock space on which a and a † act is H ≡ {|n |n ≥ 0} and whose actions are
where |0 is a normalized vacuum (a|0 = 0 and 0|0 = 1). From (1.2), states |n are given by
These states satisfy the orthogonality and completeness conditions
An unnormalized coherent state |z) is defined as
This equation is easily solved to be 6) or from (1.3)
From (z|z) = e |z| 2 , the normalized coherent state becomes
Therefore |z is written as
Here we have used the fundamental Baker-Campbell-Hausdorff formula In what follows we call coherent states (1.9) a Perelomov's type and study in detail. On the other hand, we call (1.5) a Barut-Girardello's one, but we are not concerned with it in this letter, see [8] , [9] , [10] .
The Disentangling Formula for Perelomov's Coherent States
Let {k + , k − , k 3 } be a Weyl basis of Lie algebra su(1, 1) ⊂ sl(2, C),
Then we have
Next we consider a spin K (≥ 1/2) representation of su(1, 1) ⊂ sl(2, C) and set its generators
We note that this (unitary) representation is infinite dimensional. The Fock space on which {K + , K − , K 3 } act is H K ≡ {|K, n |n ≥ 0} and whose actions are
where |K, 0 is a normalized vacuum (K − |K, 0 = 0 and K, 0|K, 0 = 1). We have written |K, 0 instead of |0 to emphasize the spin K representation, see [2] . From (2.3), states |K, n are given by
where (a) n is the Pochammer's notation
Now let us consider the coherent state of Perelomov's type
This is an extension of (1.9). We want to disentangle (2.6). But, since
we cannot use the Baker-Campbell-Hausdorff formula (1.10). In spite of this fact, we fortunately have an another disentangling formula, [5] , [6] :
Therefore we obtain from (2.3)
A comment here is in order. In this lemma, ζ plays an essential role and, moreover, ζ is an element of Poincare disk;
in contrast to z ∈ C. This difference is important, see [5] .
As a consequence of section 1 and 2, coherent states of Perelomov's type have different disentangling formulas according to algebras. Now we come to a natural question: Is there a universal disentangling formula which does not depend on characteristics of algebras? In the next section, we treat this question and give some answer.
A Universal Disentangling Formula
Let A ≡ {1, A, A † , N} be a generalized oscillator algebra [11] , [12] ,
where F is an entire function satisfying F (0) = 0 and F (n) > 0. The Fock space on which A and A † act is {|n |n ≥ 0} and whose actions are
where |0 is a normalized vacuum. From (3.2), states |n are given by
Now we define a coherent state of Perelomov's type as
Though we want to disentangle (3.5), useful formula such as (1.10) in section 1 or (2.7) in section 2 are not known for a general algebra A as far as we know. Therefore we must construct a disentangling formula for (3.5). Let us describe our main result.
6)
where ∆(n + 1, j) is defined as
This is just what we call a universal disentangling formula in the title of this letter. We note that ∆(n + 1, j) satisfy the recurrence formula
It is interesting that (3.7) is a bit similar to a discrete form of path-ordered integral.
To start with, we treat the harmonic oscillator F (n) = n. In this case we show that (3.6) coincides with (1.8). Applying the well-known formula
where (k) j is the Pochammer notation, to (3.7) repeatedly, we have
Because this quantity is independent of n, we obtain the following corollary.
2 e za † |0 .
We could recover the result in section 1. Next, we consider the spin K representations of su(1, 1). We show that (3.6) coincides with (2.8). In this case
we have only to calculate ∆(n + 1, j). But ∆(n + 1, 0) = 1,
The situation becomes difficult more and more for j ≥ 2.
Problem 3.3 Is it possible to determine ∆(n + 1, j) completely?
Here we change our strategy. In the following, we shall develop a general theory.
Setting r = |z| for simplicity,
Here let us determine a differential equation which {I n (r) |n ≥ 0} satisfy instead of determining themselves.
and
From this proposition, if we can solve (3.14) with boundary conditions (3.15), then we can determine |z making use of (3.12). Now we go back to the case (3.11); F (n) = n(2K + n − 1). In this case (3.14) becomes
Then the solution with (3.15) are known to be
Therefore by (3.12)
That is, setting ζ = (z tanh |z|)/|z|, Corollary 3.5 we have
We could also recover the result in section 2.
An Application to Elementary Number Theory
In this section, we apply the result of section 3 to elementary number theory. For the case F (n) = n(2K + n − 1), we gave two different disentangling formulas to the coherent state |z ; (2.8) and Proposition 3.1. We in particular consider the case n = 0 in (3.13): From these we have a simple formula
where
We moreover set K = 1/2.
In this case, let us calculate ∆(1, 1) ∼ ∆(1, 3) explicitly.
On the other hand, the expression of 1/ cosh r is well-known to be 9) where E j are the Euler numbers and are given by the recurrence formula
For example, we have In conclusion, our work could give an another expression to some facts in elementary number theory from a viewpoint of representation theory. We can expect more applications.
Discussion
In this letter, we defined coherent states of Perelomov's type for a generalized oscillator algebra, and gave a disentangling formula to them. Since our formula is given by complicated infinite series, it is not easy to find a function form except for some simple cases. But our formula doesn't depend on special skills of algebras, so it is universal ! We have not yet applied our formula to nonlinear algebras defined in [13] , [14] (in which coherent states of Barut-Girardello's type have been constructed). This is an interesting subject.
Our work is nothing but a first step to obtain the real universal disentangling formula for coherent states of Perelomov's type. We hope that based on our work the ultimate disentangling formula will be obtained in the near future.
